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Xiilasa. Bu isdo kasilma nogtalarinda gosma sortlari ilo verilon gecikon arqumentli Sturm-
Liuvill tip masalanin maxsusi adadlarinin asimprotikas: oyranilir va requlyariza edilmis izi hesab-
lantr.

Annomauusn. B oannoii pabome uzyyaemcs acumnmomura coOCmMeeHHbIX 3HAYeHUl 3a0ayu
muna l[[mpra-JYuyeuﬂJzﬂ C 3ana3()bleaiou;ww apcymMenmom U yCio6usiMu CONpANCEeHUS 6 MO4YKax
PA3spulea U BbIUUCTISIEMCS Pe2YAapU308aHHbLLL Cle0.

Abstract. In this paper, we study the asymptotic behavior of the eigenvalues of a Sturm-
Liouville problem with a retarded argument and transmission conditions at discontinuity points
and calculate the regularized trace.

Acgar sozlar: gecikon arqumentli diferensial tonlik, maxsusi adad va maxsusi furksiyalarin
asimptotikasi, requlyarizo edilmis iz

Knroueswte cnosa: oughghepenyuanvroe ypagruernue ¢ 3anazobl8arouyum apeymMeHmom, acumn-
MOMUKA cOOCMBEHHBIX 3HAYUEHUL U COOCMBEHHBIX DYHKYUL, Pe2yapUu308anHblll Cleo

Key words: differential equation with retarded argument, asymptotics of eigenvalues and
eigenfunctions, regularized trace

[k dofs skalyar tonlik iiciin requlyarizo edilmis iz .M. Gelfand va B.M. Levitanin [1] isindo
hesablanmigdir. Bu tomoal isdon sonra miixtalif miislliflorin requlyarizo edilmis izloro aid [2 — 6]
todqiqatlan ortaya ¢cixmisdir. Bu isde gecikon arqumentli Sturm-Liuvill tip masalonin requlyarizo
edilmis izi hesablanir.

[0, hy) U (hq, hy) U (hy, ] araliginda

y"'(x) + q()y(x — A(X)) + 22y(x) = 0 (1
tonliyi
y(0) cos a +y'(0) sina = 0, )
y(m) cos B+ y'(m)sinf =0, (3)
sorhod sortlori v
y(hy —0) —8y(hy +0) =0, (4)
y'(hy —0) = 6y'(hy +0) = 0, (5)
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y(h, —0) —yy(h, +0) =0, (6)
y'(hy = 0) —yy'(hy +0) =0, (7)

gqosma sortlori ilo verilon sorhod mosolasinin requlyarizo edilmisizi hesablanir, burada q(x)

[0, hy) U (hy, hy) U (hy,m] araliglarimin - hor  birindo  hoagigi  giymotli  vo  kosilmaz

funksiyadir, q(h; £ 0) = li}{an(x), i = 1,2 sonlu limiti var; A(x) = 0 araliglarinin har birindo
X—-n;x

haqiqi gqiymatli va kosilmoz funksiyadir, A(h; + 0) = li}{nwA(x), i = 1,2 sonlu limiti var;
X—->n;ix

x—A(x)=hy, x€[0,hy) iSox—A(x)=>h, ,x € (hy,hy), isox—A(x) =>h, x€ (h,,n]
iss  A— hoqgiqgi spektral parametr, hy,h, 6,y hoqgigi  sabitlordir, belo ki
0<hy<h,<m, sinacosa # 0.

Bu isds (1)-(7) masalasinin requlyarizs edilmis izi hesablanir.
Tutag ki, w,(x,A) (1) tonliyinin [0, h;) araliginda
w1(0,1) =sina, w;(0,4)=—cosa

sortlorini 6doyan hallidir. Bu baslangic sortlor yegano hall toyin edir (bax1).
Yuxaridaki halli toyin etdikdon sonra (1) tonliyinin [h4, h, | arah@inda w,(x,A1) hallini
w,(x,1) vasitosi vo

wy(hy, A1) = 571 wy(hy, 1), wlz(hp)t) = 5_1w,1(h1;/1)

baslangic sortlori ilo toyin edok.
Yuxaridaki hollori toyin etdikdon sonra (1) tonliyinin [h,, 7 | araliginda w5(x,A) hoallini
w,(x, 1) vasitosi vo

(Ug(hz,/l) = y_l (’-)Z(hZf/1 )1 wé(hlf)l) = y_lwlz(hZIA)

baslangic sortlori ilo toyin edok.
Nohayat, [0, h;) U (hy, hy) U (h,, ] arahi@inda

w.(x,1), x €0, hy)
w(x,A) =1 w,(x,1), x € (hy,h,)
w,(x,1), x € (hy,m]

boraborliyi ilo toyin olunmus w(x,A) funksiyasi [0, hy) U (hq, hy) U (hy, ] araliginda
(1) tonliyini, sol ucda sarhad sortini vo kegid sortlorini 6dayir.

Asagidaki diisturlar oldo edilir
cos a

w,(x,1) = sina cos Ax — sin Ax —

X
sina

22
0

q(7) sin l(x - A(T)) dt —
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X

- 512n/1a q(@) sinA(x — 2t + A(z)) dr —
0
X
— c;))sta f q(7) cos A(x — A(r)) dt +
0
A 1
cosa
2 f q(7) cos /1(x - 27— A(‘L’))d‘[ +0 (/13>.
0
sina cosa
w,(x, 1) = 5 cos Ax — I sin Ax —
. X
— 521;661 q(t) sin A(x — A(T)) dt —
0
i X
- 821;; q(@) sinA(x — 2t + A(z)) dr —
0
X
- CZC/);Z q(t) cos A(x — A(r)) dt +
0
A 1
cosa
+ 2/125 q(x) cos A(x — 2t — A(z))dr + O (13)
) sina cos a 2
w3(x, 1) = —==cos Ax 207 sin Ax
. X
— S;;: q(7) sin A(x — A(T)) dt —
i X
- ;1;6?/ q(2) sinA(x — 27 + A(z)) dr —
0

_cosa
2426y

f q(t) cos A(x - A(T)) dt +
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X
cosa 1
+ 2/125)/ q(7) cos A(x — 2T — A(T))d‘[ +0 (/13) (10)

w(x, A )—i (3)-do yerins yazsagq,
W) =w(mA)cosp + w'(m,1)sinf = 0. (1D
xarakteristik tonliyini alariq.
(8) —(11)-don aliriq

sina sin 8

WA)=———AsinAn +
5y
N sin(a — B) sin cos A — cos a cos f <in Aoy —
5y 18

slna Sln,B f (o) cosl(ﬂ A(T)) + cos /1(71 — 27+ A(T))]dr _

_sina cos,B f (0 [sinA(m — A(D)) + sinA(m — 27 + A(D))]dr +

o asing f (o) [sin 2 — A() + sin A - 2+ AD)ar +

T—A(T)
+%] q(r)l f q(ty) sin A(m — A(z) — Aty)) dty | dt —
0 0

T—A(T)
——Sm:;;,nﬁ f q(7) [ f q(ty) sinA(m — 2t + A(R) + A(ty)) dty | dT +
0 0

T T—A(T)
0 0

T—A(T)
smasmﬁ 1
e K G l J q(e) sin A — 20+ A(@) + 28, — M) dty | dr + 0 (53).

T

A,(A) = 1f q(7) sin AA(7) dr,

0
T

4,() = % j q(1) cos AA(T) dr,

0
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s

A,(A) = 1f q(7) sin AA(7) dr,
0

i rT—A(T) 1
B,(1) = fq(r) f q(ty) cosA(ZT—A(T)—A(tl)) dt, | dr,
0 | 0 1
n rT—A(T) ]
B,(1) = fq(r) f q(ty) sinA(Zr—A(r) —A(tl)) dt, | dr,
0 | o ]
T [T—A(T) T
cW=7[a®| [ acosa(a@ +ae)an|a,
0 | o ]
2 [7—A(7) ]
cW=7[a0]| [ a@sniaw+ae)dn|a
0 | 0 l

T

D,;(A) = %f q(t) cos /’l(ZT - A(T)) dt,
0

D,(1) = %f q(t) sin /1(2‘1,' — A(T)) dr,
0

013 rT—A(T) ]
E,(1) = —f q(1) j- q(ty) cos A(A(T) + 2t; — A(tl)) dt,|drt,
0 [ 0 ]
n rT—A(T)
E,(1) = —f q(1) f q(ty) sinA(A(T) + 2t — A(tl)) dt,|drt,
0 | 0 ]
i [T—A(T)
H,(1) = f q(7) f q(t,) cos /1(2‘[ —A(1) — 2t + A(tl)) dt,|dr,
0 | o
013 [T—A(T)
H,(1) = —f q(7) f q(ty) sin /’1(21 —A(t) — 2t + A(tl)) dt,|dr.
0 | 0

isaro edok.

Asagidaki teorem isbat edilir.

Teorem 1. (1)—(7) sorhod mosalosinin moxsusi funksiyalar1 iigiin N —> 0 ikon asagidaki
asimptotik diistur dogrudur:
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N ctgf —ctga — Ay (n) — D;(n) N
nm
+ 2D,(n) ctga — ctg f + (A1(n) + D1(n))(A2(n) + Dz(n)) - C,(n) 4
n2m
L B() = Ex(n) + Hy(n)

nim

(ctga —ctgf+ A (n) + Dl(n))2 1
B n3 +0 (ﬁ)

Ap=n

(12)
[y, 1lo dord taps noqtasi

A =N0+€+iN0, B = _NO_€+N0i,

C = _N0+S+iN0, D :No‘l‘S_Noi,

olan vo saat aqrobi horokatinin oks istigamati {izro yonalmis kvadrat konturu isars edok, burada
i =+/—1 vo N, natural ododdir.

Moxsusi adadlar tigiin (12) diisturundan aliriq ki, kifayat qodar bdyiik N, ii¢iin |n| < N,
oldugda A, adadi I'y,-nin daxilinds yerlogir, amma [n| > N, oldugda 4,, adadi I'y -nin xaricindo
yerlasir. Buradan aliriq ki,

Ny
1 w)
2 2 2 _ 2y — =
22+ 22+ Z (=) = 5 § Mnp-esda
0#n=—Nj n
1
=7 2(ctga —ctg B+ A1 (1) + Dy (D)) ctg Amd A —
I'n

1
—Z—M_f 2(A;(A) + D,(A))d A —

- zim 7§ 2[-2D, (D) ctg & — (A1 (1) + D1 (D)) (4. (D) + D, (D)) +
I'n

ctg Am
A

+C (D) — B, (D) + E2 (1) — Ha ()] dA —

1
=5 2[ctgactgB + (ctgB — ctga) A, (A1) +

dA
+(ctga + ctg f)D; (A1) — C; (D) + By (A1) — E; (1) + H1 (D] 7 +

1 [(ctga—ctgf+4,(1) + Dl(/l))z ctg? Am
’ﬁf dA+
I'n

+
21 A
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2
1 [ (4 +D,(V) 1
Jrzmjl€ A d’HO(N_O)'
FTI.
Buradan hesablamagqla aliriq ki,
No
o+t ) (h-n?)=
0#n=—N,
2 &
= —— Z (ctgoc —ctgf+A;(n) + Dl(n)) —
T 0#n=-—Ng

—%(ctga —ctgp + A,(0) + Dl(O)) —
No

- Z 2[~2D,(n) ctga — (A1 (n) + D () (4, (n) + D, (n)) +

0%n=—N,
+C,(n) — By(n) + E,(n) — Hy(n)] % +T—
—2[ctgactgB + (ctgB — ctga) A, (0) +
+(ctga + ctg f)D,(0) — C1(0) + B1(0) — E;(0) + H,(0)] —
—(ctga — ctg B + A;(0) + D, (0))” +

+(4,(0) + D,(0))* + 0 (Ni) (13)

0

burada
T = Res; {2 [[2D,() ctga + (A; (1) + Ds (D)) (4, () + D, (D) —

ctg A
A

G, (D) + B,(D) = ;) + H, (D] 2 aal

(9)-da Ny = oo iken limits kegsok alariq:

o)

2
A2+ 23 + Z {22 —n? —;[ctgﬁ —ctga—A,(n) —D;(n)] +

0#+n=-—oo0
+[-2D,(n) ctg @ — (43(n) + Dy (1)) (A5 (n) + Dy(m)) +
+C,(n) — B,(n) + E;(n) —Hy(n)] %} =

= E(ctgﬁ —ctga — A,(0) — D1(0)) — ctg? a —ctg? B —

s
—2(ctga — ctg B)(Al(O) + Dl(O)) -

—(4,0) + D1(0))” + —(4,(0) + D,(0))” —
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—2[ctgactgf + (ctgf — ctga) A;(0) +
+(ctga + ctg f)D1(0) — C;(0) +
+B;(0) — E;(0) + H;(0) + T. (14)

(14) boraborliyin sol torafino (1)—(7) serhad masalasinin requlyarizs edilmis izi deyilir.
Belaliklo, requlyarizs edilmis iz haqqinda asas teorem isbat edilir.
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