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Xiilasa. Hiperbolik funksiyalar terminina ilk dafa 1757-ci ilda Vingengo Rikkatinin iglorinda
rast galinir. O, vahid hiperbola iizarindsa tadgiqat apararkon bu funksiyalar: daxil etmisdir.
Hiperbolik funksiyalarin xassalori daha dolgun, genis sakilda Iohann Henrix Lanbertin islorinda
verilir. Umumiyyatla hiperbolik funksiyalar elementar funksiyalar sinfina aid olub, six sakilda
triqonometrik funksiyalarla alagalidir, bu funksiyalar eksponensial funksiyalarla ifada olunur.
Demali, bu funksiyalar ilk dafo XVIII asrda riyazi analiz va analitik handasaya tatbiq olunmaga
baslamigdir, daha sonra miixtalif elm sahalarinda, miihandis islorinda da istifads olunmugsdur.

Moaqalada hiperbolik funksiyalarin tatbiqi ila bazi irrasional ifadalarin inteqrallanmasindan
bahs edilir. Bela ki, uygun avazlomoalorin koémayila inteqralalti funksiyalar sadalasdirilib cadval
inteqrallarinin hesablanmasina gatirilir.

Abstract. The term Hyperbolic Functions was first encountered in the works of Vincenzo
Riccati in 1757. He introduced these functions while conducting research on the unit hyperbola.
The properties of hyperbolic functions were given more fully and extensively in the works of Johann
Heinrich Lambert. In general, hyperbolic functions belong to the class of elementary functions and
are closely related to trigonometric functions, being expressed using exponential functions.
Therefore, these functions first began to be applied in Mathematical Analysis and Analytical
Geometry in the 18th century, and were later used in various fields of science and in engineering
work.

The article discusses the integration of certain irrational expressions through the application
of hyperbolic functions. Thus, with the aid of appropriate substitutions, the integrands are
simplified and reduced to the calculation of table integrals (or standard integrals).

Annomauun. Tepmun "eunepbonuueckue gynxyuu" enepevie scmpeuaemcs 6 pabomax
Bunuenyo Puxxamu ¢ 1757 200y. On 8gen smu ynkyuu, nposoos ucciedo8anuusi Ha eOUHUYHOU
eunepbone. Ceolicmea cunepoonuueckux QyHkyuil 6oaee noIHO U UWUPOKO UTONCEHbL 8 PAOOMax
Hocanna ['enpuxa Jlambepma. B yenom, eunepbonuueckue @yHKyuu Omuocamcs K KIACCy
NIEMEHMAPHBIX PYHKYULL, MECHO C8A3AHbL C MPUSOHOMEMPULECKUMU DYHKYUSIMU U BbIPANHCAIOMCSL
yepe3s sxcnonenyuanvHovle Qyuxyuu. Credoeamenvro, 3mu QyHKYUU 8nepavie Caiu NPUMeHAMbCs
8 Mamemamu4eckom aumanuse u anarumuveckou ceomempuu ¢ XVIII eexe, a 3amem Hawiiu
npUMeHeHUe 8 PA3IUYHBIX 00IACTAX HAYKU U 8 UHHCEHEPHBIX PAbOmax.

B cmamve paccmampusaemces unmezpupo8anue HeKomopbix UppayUoOHAIbHBIX 8bIPANCEHULL
c nomowpwto eunepboruveckux @yukyuil. Tak, ¢ NOMOWBIO COOMEEMCMBYIOWUX 3AMEH
HOObIHMESPANbHbBLE (DYHKYUU YIPOWAIOMCS U COOSAMCSL K GbIYUCTCHUIO MADIUYHBIX UHMESPATLO8.

Acar sdzlar: funksiya, integral, hiperbolik, triqgonometrik avazloma, kvadrat ii¢hadli

Key words: function, integral, hyperbolic, trigonometric substitution, quadratic trinomial (or
quadratic polynomial)

Knrwoueewie cnosa: pynkyus, unmezpai, cunepooiudeckuii, mpuecoHoMempuiecKkas 3amena,
K68AOpAMHbIU MpexyieH
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Giris. Molumdur ki, hiperbolik funksiyalar asagidak: sokilds toyin edilir [1].

et —e™* ef+e*
shx = chx =

g¥ —e™* e¥+e™
thx=——— cthx = ———

e*+e e’ —e

Hiperbolik funksiyalarin bozi sads xassslorini qeyd edok:
1) ch®’x —sh?x =1
2) sh2x =2chxshx
3) ch2x = ch?x +sh®x
2th x
1+th?x

5) cth2x = %(th X+ cth x)

4) th2x =

Osas hissa. Burada ‘[R(X, vax® +bx+c)dx soklindo olan inteqrallarin hesablanmast
masalaloring baxilir. Inteqral altindak kvadrat iichadlini asagidaki sokilda yaziriq [2].

5 , b 2 c b? b)’ 4dac—b? 4ac—b?
ax’ +bx+c=a| X’ +—x+— [+——— |=a | x+— | +——— |=a| y+———
a 4a a 4a a 4a 4da

b
Burada X+—=Y
a
a -nin isarasindon asili olaraq asagidaki hallara baxiriq:
‘ 4ac—b? ) . _
1) ©Ogor a>0 iso onda T =+h" ovozlomosi apartb dX =dy oldugunu nozoro

alaraq baxilan inteqrali agagidak: soklo gotiririk:

J'R(x,\/axz+bx+c)dx:IR(y—2£a,x/a-\/yzirhz)dy (1)

) b*-4ac ,) . .
2) Ogor a <0 olarsa, onda ax” +bx+c=-a T Y* | kimi yazib,
b*-4ac , , ,
T h* gobul edib aliriq ki,

IR(X,\/axz +bx+c)dx=jR(y—23, J=a-yh? —y?)dy @)
a
Belaliklo ¢evirmolorin komayilo yuxaridaki (1) vo (2) inteqrallarinin hesablanmasi

3, = Ry, y* +h?)dy 3, = [R(yAY2 —h?)dy vo
3= [Ri(y.//n* —y?)dy

Burada R, - rasioanal funksiyanin simvoludur.
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inteqrallarinin tapilmasina gatirilir.
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y = hsht ovozlomosinin kémoyila J, inteqrali hiperbolik funksiyalarmn inteqrallanmasina
gotirilir:

J, = [R,(hsht,hcht) hehtdt = [ R, (sht,cht) dt @3)

Analoji qayda ilo J, vo J; inteqrallari da uygun olaraq Y = hcht | y=htht

avazlomalarinin kdmayilo hesablanir [3].
Indi iso asagidaki misallara baxaq:

Misal 1. J.\/ x* +a”dx inteqralini hesablayin.
Holli: Tutag ki, X =asht onda dx =achtdt olarvo

[Vx* +a® dx= ajchztdt_—j(chzt 1)o|t——(i22t tj+C=

2 2 2

=a?shtcht+a7t+c =%x\/x2 +a’ +%Ar5h5+c
a

Burada ArSh_ funksiyas: X = asht funksiyasinin tors funksiyasidir.

Misal 2. J w/(X —1)%dx inteqralini hesablayin.

Holli: Forz edok ki, X = Cht, demoli dX =shtdt
h2t—1), 1
x? —1)%dx = [sh*tdt = [| dt == [ch?2tdt —
o o= fanea= [ P2 =L

—lj.cthdHlJ.dt=ish4t—lsh2t+§t+c
2 4 32 4 8

ogor
sh4t =2sh2tch2t =4chtsht = (chzt + shzt)z Ax+X* —=1(2x* -1) ,

sh2t =2xvx* -1, t=Archx=In(x++/x*+1)

oldugunu noazars alsaq, yaza bilorik ki:

jw/(xz —1)3dx=%(2x3 —5X)V/x? —1+gln(x+\/x2 -1)+C

Notica. Beloliklo baxilan IR(X,\/ ax® +bx+c)dx inteqralinda X =asht, x =acht

avazlomolorinin komayilo inteqral daha asan yolla hesablanir. Ciinki, trigonometrik avozlomo
apardiqda inteqralalti funksiya daha miirokkob soklo diisiir. Lakin, hiperbolik funksiyalarla
ovozlomo zamani inteqralalti funksiyan1 miioyyan metodlarin komayilo rasionallagdirmaq olur.
Burada metodlar dedikds vuruqlara ayirma, geyri-miiayyan omsallar {isulu, hadd alavs edib ¢ixma
Vo digor tisullar nazards tutulur.
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