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Abstract. This study provides an in-depth investigation of the regular solvability of boundary
value problems for second-order elliptic operator-differential equations defined on a finite interval
and involving operator coefficients with discontinuities. Special attention is devoted to understand-
ing how the structural properties of the operator coefficients, their spectral characteristics, and
the nature of the boundary operators influence the existence, uniqueness, and stability of solutions.

The analysis relies on modern techniques of operator theory and spectral analysis in Hilbert
spaces, together with generalized boundary conditions that allow the treatment of a broad class of
operator-differential models. The paper establishes sufficient conditions for the regular solvability
of the boundary value problem, connecting these conditions with the spectral behavior of the cor-
responding operator coefficients. The results significantly contribute to the theoretical framework
of operator-differential equations with discontinuous coefficients and provide a mathematical
foundation for further applications in mathematical physics, wave theory, and related areas.

Xiilasa. Bu tadgiqat isinda sonlu intervalda tayin edilmis, amsallart iizra fasilalora malik olan
ikinci tortib elliptik operator-diferensial tonliklor iigiin sarhad masalalarinin miintozom hallolunma
xiisusiyyatlori hartarafli arasdirilir. Isds operator amsallarin struktur qurulusu, onlarin spektral
xassalari va sarhad operatorlarimin tipi kimi amillarin hallin mévcudluguna, yeganaliyina va da-
yvamqligina tasiri detalll sakilda tahlil edilir.

Tadgiqat Hilbert fazalarinda operator nazariyyasinin miiasir metodlarina asaslanir va timu-
milasdirilmis sarhad sartlorinin tatbiqi ilo daha genis sinif operator-diferensial modellorinin tasvi-
rina imkan yaradir. Miintazom hallolunmani tamin edan kifayat gador sartlor alds edilmis va bu
sartlarin operator amsallarin spektral xiisusiyyatlori ilo alagasi gostarilmisdir. Alinan naticalar op-
erator-diferensial tonliklorin nazari bazasimin darinlosmasina va riyazi fizika, dalgalarin
nazariyyasi va digar tatbiqi sahalorda modellarin tahlilina miihiim tohfa verir.

Annomauusn. B oannou pabome npo8ooumcsi yenyoiénHoe uccied08anue pe2yisapHol pas-
PeuuUMocmu Kpaesvlx 3a0ay 01 6Mopo20 NOpAOKa SIMUNMULECKUX OnepamopHo-oudgepenyu-
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ANIbHBIX YPABHEHULL, ONPeOeNEéHHbIX HA KOHEYHOM UHMEPBALe U COOEPACAUUX ONePAMOPHbLE KOIG-
Quyuenmul ¢ paspvieamu. Ocoboe sHUManUe yOeasiemcs aHaiu3y 6IUAHUL CMPYKMYPHBIX 0COOEH-
HOCmell OnepamopHblX KO3phuyuenmos, ux cneKmpaibHblX C80UCME, A MAKI’Ce Xapakmepa 2pa-
HUYHBIX ONEpamopo8 Ha nogeoeHue peuleHull.

IIpeonazaemviii n0OX00 OCHOBAH HA COBPEMEHHBIX MEMOOAX CNeKMPAIbHOU meopuu onepa-
Mopos 6 2uNbOEPMoBbIX NPOCMPAHCMBAX U UCHONb30BAHUU 0O0OUWEHHBIX SPAHUYUHBIX VCI0BUSX,
NO360AIOWUX ONUCAMb WUPOKULL 0bacmu onepamopHo-oughgepenyuanvhsvix mooenel. Ycma-
HOBJIeHbl 00CMAMOYHble YCI08UsL Pe2YNIAPHOU PA3PEUUMOCIU Kpaegoll 3a0ayu, obecnevusaroujue
cyujecmeogarue, eOUHCMBEeHHOCMb U YCMOUYUBOCb PeUleHUsi OMHOCUMENbHO UCXOOHBIX OAHHDBIX.
Tonyuennvle pe3yibmamol pacuupsom meopemuyeckyro 6a3sy uccied08aHus OnepamopHo-oug-
GepeHyuanvbHbIX YpasHeHull ¢ pa3pbl8HbIMU KOIDuUyUeHmamu u mo2ym O0vbims npuMeHeHvl npu
aHAIU3e MamemMamuieckux mooenell 8 3a0a4ax Mmamemamuieckou usuKu, meopuu KoieOaHull u
CMEJCHBIX 0ONACISIX.
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1. Introduction.
Let L,((0,T);H) be the Hilbert space of all functions f (t), defined almost everywhere on
the interval (0,T) with values in H, such that

T , )2
| f HLZ((O,T);H) = Nf(t)H dt| <eo.
0

Following the monographs [1, 2], we define the Hilbert space
W, ((0,T);H)={u:u"e L,((0,T);H), AueL,((0,T);H)}
with the norm
2 2 2 %
1wz orym) :(H“ ILyorym) +A UHLZ((O,T);H)) |
Similarly, the spaces L, (R; H) and W2 (R;H) , where R is the real line.

We introduce the following subspace of W22 ((0,T);H)
WS ((0,T);H) ={u:u eW; ((0,T);H), u'(0) = Fu(0), u'(T)=0},
where F e L(Hgy,,Hy;,). Here, L(X,Y) isthe space of bounded linear operators acting from X

into Y . In what follows, derivatives are understood in the sense of distributions [1, 2].
Consider the boundary value problem in the space H

—U"(t) + p(t) A2u(t) + AU'(t) + Au(t) = f(t), te(0,T), o)
u’(0) = Fu(0), u'(T)=0, 2
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where f (t),u(t) are functions with values in H , and the operator coefficients satisfy the follow-
ing conditions:
1. A is a positively defined self-adjoint operator in H ;
a , te (O,to),
2. p(t) =
B2, te(ty,T), tye(0,T), >0, f>0;
3. Fe L(H3/2, H]/Z)’
4. Bj :AJ-A_j isbounded in H, j=12.
Definition. If for f(t)eL,((0,T);H) there exists a vector-function

u(t) eW22 ((0,T);H), that satisfies equation (1) almost everywhere on (0,T), the u(t) is
called a regular solution of equation (1).
2. Some results

Lemma 1. Let conditions 1)-3) hold and ReA™F >0 and H3/2 . Then for any
u eWZZ’F ((0,T);H) the following inequality holds:

12 12 p2 2
AV oy +P2A ”HL oy < REFU AW oy ®)
Corollary 1. Under the conditions of the lemma, the homogeneous equation Pyu =0 only
the trivial solution.
Corollary 2. Under the lemma's conditions, for any u eWZZ’F ((0,T);H) the following ine-
qualities hold:
A%y <—|PRyu :
H L (OTXH) — min(a?; 8%) [P HLz((O,T);H)
1

HAU ,HLZ (0,T);H) < WHPOUH Lo ((0,T);H)"

1

Main results.
Theorem 1. Let the conditions of lemma 1)-3) be satisfied. Then the operator P, is isomor-

phic to spaceW, ' ((0,T);H) on L,((0,T);H).
Theorem 2. Let conditions 1)-4) be satisfied, Re AF >0 in Hj/z and there is an inequal-
ity

q@f)= - B+ |B,]<L.

me( ¥)) min(a?, 5%)
Then the problem (1),(2) is regularly solvable.
1
Corollary 3. Let conditions 1) and 4) be satisfied and inequality holds EHBlu + HBZ H <1.

Then equestion
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—u"(t) + A%u(t) + AU'(t) + Au(t) = f(t), te(0,T),
u’(0)=0, u'(T)=0

regularly solvable.

The proof follows from Theorem 2 when p(t) =1 and F =0. This issue was examined in

work [5]
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